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We investigate further the recent analysis [R. Banerjee, B.R. Majhi, JHEP 0806 (2008) 095, arXiv:
0805.2220], based on a Hamilton–Jacobi type approach, to compute the temperature and entropy of black
holes beyond the semiclassical approximation. It is shown how nonspherically symmetric geometries are
inducted in the general formalism by explicitly considering the BTZ black hole. The leading (logarithmic)
and nonleading corrections to the area law are obtained.
© 2008 Elsevier B.V.
The fact that black holes can radiate [1,2] has led to a calculation of its thermodynamic entities like temperature and entropy. The
celebrated Bekenstein–Hawking area law governing the entropy (S) of a black hole in terms of its horizon area (A),
S = A
4
has been derived, in the semiclassical approximation, following various approaches [2–7].
The area law undergoes corrections due to quantum effects. These corrections have been computed using ﬁeld theory methods [8–10],
quantum geometry techniques [11,12], general statistical mechanical arguments [13–15], Cardy formula [16,17], etc. It appears that the
leading correction is logarithmic while nonleading terms involve inverse powers of area A.
Now a particularly illuminating way of discussing the Hawking effect, which also ﬁts in with the general intuitive picture, is to use
the tunneling formalism [18–22]. The semiclassical Hawking temperature has been computed following either the null geodesic [18,19]
or Hamilton–Jacobi [20–22] variants of this formalism. Among the various methods of obtaining the corrections to the semiclassical
expressions mentioned in the preceding paragraph, a systematic analysis within the tunneling approach was missing. This has been
recently discussed in a series of papers by Banerjee et al. [24–27]. However, explicit examples were mostly conﬁned to black holes with
spherically symmetric geometries.
The object of this Letter is to investigate further the general formalism of [25] by including nonspherically symmetric geometries. We
explicitly compute the corrected expressions for the temperature, entropy and area law for the BTZ black hole. Apart from the standard
semiclassical structures, the leading (logarithmic) as well as nonleading corrections to the area law are also reproduced. While the leading
correction has been obtained earlier using other methods [16,33], the nonleading corrections have not been discussed.
The metric for the (2+ 1)-dimensional BTZ black hole with negative cosmological constant Λ = − 1
l2
and in the unit of 8G3 = 1, where
G3 is the three-dimensional Newton’s constant, is given by [28],
ds2 = −N2 dt2 + N−2 dr2 + r2(Nφ dt + dφ)2, (1)
with the lapse function
N2(r) = −M + r
2
l2
+ J
2
4r2
, (2)
and
Nφ(r) = − J
2r2
. (3)
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grr = N2 = 0. This yields
r± = l√
2
(
M ±
√
M2 − J
2
l2
)1/2
. (4)
Therefore the horizon radius is a function of both M and J . The area of the event (outer) horizon [30,31] is given by
A = 2πr+. (5)
The angular velocity for BTZ black hole follows from the general expression for angular velocity for any rotating black hole, given by [29],
Ω =
[
− gφt
gφφ
−
√(
gtφ
gφφ
)2
− gtt
gφφ
]
r=r+
. (6)
For BTZ black hole (6) reduces to
Ω = − gφt
gφφ
∣∣∣∣
r=r+
= J
2r2+
. (7)
The ﬁrst step in the analysis is to compute the semiclassical Hawking temperature. For this purpose we adopt the tunnelling formalism
[18–23,25] within the Hamilton–Jacobi approach. It is thus desirable to isolate the r–t sector of the metric (1). Therefore we ﬁrst make
the following transformation,
dχ = dφ − Ω dt, (8)
i.e.,
χ = φ − Ωt. (9)
Such a transformation was used earlier in [22,23]. In the near horizon approximation, using the transformation (9) the metric (1) can be
written in the desired form
ds2 = −N2 dt2 + N−2 dr2 + r2+ dχ2, (10)
where the r–t sector is isolated from the angular part (dχ2).
A general procedure based on the Hamilton–Jacobi method for calculation of Hawking temperature is done in [25]. In this method
one needs to take only the radial trajectory so that the r–t sector of the metric as written in the form (10) is relevant. The expression of
semiclassical Hawking temperature for any general metric is now given by [25],
T = h¯
4
(
Im
∫
C
dr√
gtt(r)grr(r)
)−1
. (11)
Considering the metric (10), the Hawking temperature for the BTZ black hole is found to be
T = h¯
4
(
Im
∫
C
dr
N2(r)
)−1
= h¯
4
(
l2 Im
∫
C
r2 dr
(r2 − r2+)(r2 − r2−)
)−1
. (12)
The integration is to be performed remembering that the particle tunnels from just behind the event horizon to the outer region. So the
integrand has a simple pole at r = r+ . Choosing the contour as a half loop going around this pole from left to right and integrating, we
obtain the desired result for the semiclassical Hawking temperature,
T = h¯
2π l2
(
r2+ − r2−
r+
)
. (13)
This is the semiclassical Hawking temperature and agrees with the results quoted in literature [30,31]. Substituting the values of r+ and
r− from (4) we get
T =
√
2h¯
2π l
√
M2 − J2
l2
(M +
√
M2 − J2
l2
)1/2
. (14)
The semiclassical Hawking temperature can also be derived by using the near horizon expansion of metric coeﬃcients as
gtt(r) = gtt(r+) + (r − r+)(gtt)′(r+) = (r − r+)(gtt)′(r+)
and
grr(r) = grr(r+) + (r − r+)
(
grr
)′
(r+) = (r − r+)
(
grr
)′
(r+).
Using this expansion in (11) it follows that
T = h¯
√
g′tt(r+)g′ rr(r+) . (15)4π
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After ﬁnding the semiclassical Hawking temperature we proceed with the calculation of the semiclassical Bekenstein–Hawking entropy.
The corrections to these semiclassical results will be considered later. Consider the following law of thermodynamics for a chargeless
rotating black hole,
dM = T dS + Ω d J , (16)
which can be written in the form
dS(M, J ) = dM
T
− Ω
T
d J . (17)
Inverting the Hawking temperature (14) of the BTZ black hole, we obtain
1
T
(M, J ) =
√
2π l(M +
√
M2 − J2
l2
)1/2
h¯
√
M2 − J2
l2
. (18)
The angular velocity (7) simpliﬁes to
Ω = − gφt
gφφ
∣∣∣∣
r=r+
= J
l2(M +
√
M2 − J2
l2
)
. (19)
Using (18) and (19) yields
Ω
T
(M, J ) =
√
2π J
lh¯(M +
√
M2 − J2
l2
)1/2
√
M2 − J2
l2
. (20)
We identify (17) as a ﬁrst order differential equation. Further we note that dS in (17) is an exact differential since it satisﬁes the relation,
∂
∂ J
(
1
T
)
= ∂
∂M
(−Ω
T
)
, (21)
as may be checked on exploiting Eqs. (18), (20). Now, in order to calculate the entropy (S), (17) has to be solved. Here we follow the
general procedure for solving any exact ﬁrst order differential equation,
df (x, y) = P (x, y)dx+ Q (x, y)dy. (22)
df (x, y) in (22) is an exact differential if P and Q satisfy the condition
∂ P
∂ y
= ∂Q
∂x
. (23)
If (23) holds then the solution of (22) is given by
f (x, y) =
∫
P dx+
∫
Q dy −
∫
∂
∂ y
(∫
P dx
)
dy. (24)
Comparing (17) with (22) we obtain the following correspondence,
x → M, y → J , P → 1
T
, Q → −Ω
T
, f → S. (25)
Using this dictionary it is very easy to write the solution of (17) for the semiclassical result for entropy of the spinning BTZ black hole,
S =
∫
1
T
dM +
∫ −Ω
T
d J −
∫
∂
∂ J
(∫
1
T
dM
)
d J . (26)
The solution of the integral over dM gives
∫
1
T
dM = 4π l√
2h¯
(
M +
√
M2 − J
2
l2
)1/2
= 4πr+
h¯
. (27)
Having this result, it can be easily checked that the following relation holds,
∂
∂ J
(∫
dM
T
)
= −Ω
T
. (28)
Substituting the above relation in (26) and using (27), immediately leads to the entropy of the spinning BTZ black hole,
S =
∫
1
T
dM = 4πr+
h¯
. (29)
If we write this in terms of horizon area (5) by reinstating the unit 8G3 = 1, we get
S = A = SBH, (30)
4h¯G3
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In order to ﬁnd the entropy beyond the semiclassical approximation, quantum corrections to the Hawking temperature must be in-
cluded. To compute this we shall follow the analysis in [25], developed for any static, spherically symmetric black hole. The BTZ metric as
given in (10) is static. In the near horizon approximation and passing to the coordinate χ one can isolate the r–t sector of the metric (10)
from the angular part (dχ2). Therefore, we can follow the analysis of [25] for (10). The massless particle in spacetime (10), governed by
the Klein–Gordon equation is given by
− h¯
2
√−g ∂μ
[
gμν
√−g∂ν
]
φ = 0. (31)
Since we are concerned about the radial trajectory, only r–t sector of the metric (10) is relevant. In this case (31) takes the form
− 1
N2(r)
∂2t φ + N2(r)∂2r φ + ∂r
(
N2(r)
)
∂rφ = 0. (32)
The semiclassical wave function (φ) which satisfy the Klein–Gordon equation is given by
φ(r, t) = exp
[
− i
h¯
S(r . t)
]
, (33)
where S(r, t) is one particle action and it will be expanded in the powers of h¯. Putting φ(r, t) from (33) in (32) we get
1
N2
(
∂tS(r, t)
)2 − N2(∂rS(r, t))2 − h¯
i
[
1
N2
∂2t S(r, t) − N2∂2r S(r, t) − ∂rN2(r)∂rS(r, t)
]
= 0. (34)
An expansion of S(r, t) in powers of h¯ gives
S(r, t) = S0(r, t) +
∑
i
h¯iSi(r, t), (35)
where i = 1,2,3, . . . . The O(h¯) corrections are treated as quantum corrections to the semiclassical value of one particle action S(r, t).
Substituting (35) in (34) and simplifying we ﬁnd the following set of equations for different powers of h¯,
h¯0:
∂ S0
∂t
= ±N2(r) ∂ S0
∂r
,
h¯1:
∂ S1
∂t
= ±N2(r) ∂ S1
∂r
,
h¯2:
∂ S2
∂t
= ±N2(r) ∂ S2
∂r
,
.
.
. (36)
and so on. The fact that Si(r, t)’s are proportional to S0(r, t) is revealed from the similar functional dependence of these linear differential
equations. Considering this, the corrected version of one particle action is given by
S(r, t) =
(
1+
∑
i
γi h¯
i
)
S0(r, t), (37)
where S0 denotes the semiclassical contribution. This shows that γi ’s have the dimension h¯−i . To make these proportionality constants
dimensionless we consider the following dimensional analysis. In (2 + 1) dimensions in the units 8G3 = 1 and c = kB = 1 the Planck
constant (h¯) is of the order of Planck length (lP ) [32]. Since the only length parameter for the black hole is r+ , we can write (37) as
S(r, t) =
(
1+
∑
i
βi h¯
i
ri+
)
S0(r, t), (38)
where βi ’s are dimensionless constants. Due to the symmetry of the metric (1) one is looking for the solution for the semiclassical action
in the form
S0 = Et + Jφ + S˜0(r). (39)
In the near horizon approximation using (9) and considering the r–t sector of the metric (10), the form of semiclassical action takes the
form
S0(r, t) = ωt + S˜0(r), (40)
where ω = E + JΩ is considered as the energy of the emitted particle. Substituting this in (36) and integrating we get
S˜0(r) = ±ω
∫
C
dr
N2(r)
. (41)
The +(−) sign indicates that the particle is ingoing (outgoing). Using (41) and (40), Eq. (38) can be written as
S(r, t) =
(
1+
∑
i
βi h¯
i
ri+
)
S0(r, t) =
(
1+
∑
i
βi h¯
i
ri+
)(
ωt ± ω
∫
dr
N2(r)
)
. (42)C
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tively,
φin = exp
[
− i
h¯
(
1+
∑
i
βi
h¯i
ri+
)(
ωt + ω
∫
C
dr
N2(r)
)]
, (43)
φout = exp
[
− i
h¯
(
1+
∑
i
βi
h¯i
ri+
)(
ωt − ω
∫
C
dr
N2(r)
)]
. (44)
In the tunneling formalism the ingoing particle crosses the horizon classically and enters in the black hole region whereas the outgoing
particle just tunnels through the horizon to the outer region. The path for outgoing particle is classically forbidden. This is precisely
because of the fact that the metric coeﬃcients in the r–t sector changes sign for the tunneling of the outgoing particle. The path in which
tunneling takes place has imaginary time coordinate (Im t). Therefore, ingoing and outgoing probabilities are given by
P in = |φin|2 = exp
[
2
h¯
(
1+
∑
i
βi
h¯i
ri+
)(
ω Im t + ω Im
∫
C
dr
N2(r)
)]
(45)
and
Pout = |φout|2 = exp
[
2
h¯
(
1+
∑
i
βi
h¯i
ri+
)(
ω Im t − ω Im
∫
C
dr
N2(r)
)]
. (46)
In the classical limit (h¯ → 0) the ingoing probability is unity, hence,
Im t = − Im
∫
C
dr
N2(r)
. (47)
Therefore probability for the outgoing particle is
Pout = exp
[
−4
h¯
ω
(
1+
∑
i
βi
h¯i
ri+
)
Im
∫
C
dr
N2(r)
]
. (48)
Now, the temperature of the BTZ black hole is obtained by using the principle of “detailed balance” [20], which states
Pout
P in
= exp
(
− ω
Th
)
. (49)
Taking P in to be unity it follows that
Pout = exp
(
− ω
Th
)
. (50)
Comparing (50), (48) the temperature of BTZ black hole is given by
Th = T
(
1+
∑
i
βi
h¯i
ri+
)−1
, (51)
where
T =
(
4
h¯
Im
∫
C
dr√
gtt(r)grr(r)
)−1
= h¯
4
(
Im
∫
C
dr
N2(r)
)−1
(52)
is the semiclassical Hawking temperature and other terms are corrections coming from the quantum effects.
With this expression of modiﬁed Hawking temperature (Th) the modiﬁed form of (17) is
dSbh = dMTh −
Ω
Th
d J . (53)
Here also dSbh is a perfect differential since the following relationship,
∂
∂ J
∑
i
1
T
(
1+ βi h¯
i
ri+
)
= ∂
∂M
∑
i
−Ω
T
(
1+ βi h¯
i
ri+
)
(54)
holds. This can be proved order by order by expanding the summation and substituting r+ , 1T and
Ω
T from (4), (18) and (20), respectively.
We follow the same procedure as we did for the semiclassical case, to ﬁnd the entropy in presence of quantum corrections. Here we
use a new dictionary. The functional form of the dictionary does not change from (25) and we replace all the semiclassical quantities by
their corrected forms, where necessary,
x → M, y → J , P → 1 , Q → −Ω , f → Sbh. (55)Th Th
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Sbh(M, J ) =
∫
1
T
∑
i
(
1+ βi h¯
i
ri+
)
dM +
∫ ∑
i
−Ω
T
(
1+ βi h¯
i
ri+
)
d J −
∫
∂
∂ J
(∫
1
T
∑
i
(
1+ βi h¯
i
ri+
)
dM
)
d J , (56)
which is the modiﬁed version of (26). It is possible to solve (56) analytically for all orders. Let us now restrict up to second order
corrections. In that case we expand the summation over the integrands in (56) up to the second order, which yields
Sbh(M, J ) =
∫
1
T
(
1+ β1h¯
r+
+ β2h¯
2
r2+
+ O(h¯3))dM + ∫ −Ω
T
(
1+ β1h¯
r+
+ β2h¯
2
r2+
+ O(h¯3))d J
−
∫
∂
∂ J
(∫
1
T
(
1+ β2h¯
r+
+ β2h¯
2
r2+
+ O(h¯3))dM)d J . (57)
Let us ﬁrst solve the integral over dM in (57) by using the value of r+ from (4) which yields,∫
1
T
(
1+ β1h¯
r+
+ β2h¯
2
r2+
+ O(h¯3))dM
= 4π l√
2h¯
(
M +
√
M2 − J
2
l2
)1/2
+ 2πβ1 log
(
M +
√
M2 − J
2
l2
)
− 4
√
2πβ2h¯
l2(M +
√
M2 − J2
l2
)1/2
+ O(h¯3). (58)
Using this result one can establish the following relationship between the integrands of the second and third integral of (57),
∂
∂ J
(∫
1
T
(
1+ β1h¯
r+
+ β2h¯
2
r2+
+ O(h¯3)))dM = −Ω
T
(
1+ β1h¯
r+
+ β2h¯
2
r2+
+ O(h¯3)). (59)
Substituting this in (57) and using (58) we ﬁnd the entropy of the BTZ black hole including quantum corrections,
Sbh = 4π l√
2h¯
(
M +
√
M2 − J
2
l2
)1/2
+ 2πβ1 log
(
M +
√
M2 − J
2
l2
)
− 4
√
2πβ2h¯
l2(M +
√
M2 − J2
l2
)1/2
+ O(h¯3)+ const. (60)
Eq. (60) can be expressed in terms of horizon (outer) radius to yield
Sbh = 4πr+h¯ + 4πβ1 log r+ −
4πβ2h¯
l
(
1
r+
)
+ O(h¯3)+ const. (61)
Substituting r+ from (5) and reinstating the unit 8G3 = 1, we can write this expression for entropy in terms of horizon area of the BTZ
black hole as given by
Sbh = A4h¯G3 + 4πβ1 log A −
64π2β2h¯G3
l
(
1
A
)
+ O(h¯3)+ const. (62)
This can also be written in terms of semiclassical Bekenstein–Hawking entropy (30),
Sbh = SBH + 4πβ1 log(SBH) − 16π
2β2
l
(
1
SBH
)
+ O(h¯3)+ const. (63)
The ﬁrst term in (63) is the usual semiclassical Bekenstein–Hawking entropy (30) while the other terms are corrections due to quantum
effects. We see that a logarithmic correction appears in the leading order as found before in [16,33]. Incidentally, we also ﬁnd inverse of
area term in subleading order (62) which was not discussed in other approaches [16,33].
Discussions: The present analysis shows that the Hamilton–Jacobi variant of the tunneling method, which goes beyond the semiclas-
sical approximations, developed in [25] for a spherically symmetric background, is equally applicable for other geometries like the BTZ
example. The logarithmic correction to the area law was obtained in agreement with existing results [16,33]. Next to leading corrections,
not considered in [16,33] were also found. Since the tunneling approach provides a direct intuitive picture of the Hawking effect, it is
reassuring to observe that corrections to the semiclassical expressions are equally well describable here.
Note that there are two unknown parameters β1 and β2 appearing in (63). We have still not been able to ﬁx these parameters.
However, following Hawking’s original approach [34] based on the path integral regularization of zeta function, entropy gets a logarithmic
correction to the semiclassical value and the coeﬃcient of the logarithmic term is related with trace anomaly. A recent analysis [35] in
the tunneling formalism based on the quantum WKB approach also reveals this fact. In [35] the parameter β1 has been ﬁxed for the
Schwarzschild black hole under tunneling approach. To ﬁx β1 for BTZ black hole under tunneling approach more generalised treatment is
needed. However, in the present status β2 cannot be ﬁxed for any black hole.
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